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Abstract 

rn i In a fibre bundle, natural derivatives of a section are denned as tangent vector 

f*^ | fields on the image of a section of the fibre bundle. A local extension to vector 

fields in the tangent bundle leads to a direct proof of the formula expressing 

i-pj ' the curvature of a connection in terms of covariant derivatives. The result is 

& i based on a tensoriality argument and extends to nonlinear connections on fibre 

bundles a well-known formula for linear connections on vector bundles. 

Key words: fibre bundles,, natural derivatives, connections, intcgrability, 
covariant derivatives. 
> 

in 

o 
c^ 

The notion of connection on a fibre bundle was introduced by Charles 
r""- Ehresmann [2] in 1950 and investigated by Paulette Libermann in [7], [8], 

[9]. Standard references on this topic are the article by Kobayashi [3] and 
the text [4]. The analysis developed in this paper makes also reference to the 
treatment of the matter presented in [5]. Let us recall some well-known facts. 
In the tangent bundle to a fibre bundle the vertical distribution is naturally 
KA , defined by considering, at each point of the manifold, the vectors tangent to the 

5^ ' fibre through that point. The vertical distribution is always integrable and the 

leaves of the induced foliation are the fibres themselves. The general definition 
of a connection as a (regular) field of projections on the vertical subspaces of 
the tangent spaces to a fibre bundle, splits each tangent space into two comple- 
mentary subspaces, the vertical and the horizontal ones. This leads naturally 
to the question about intcgrability of the horizontal distribution. The involu- 
tivity condition provided by Frobenius theorem leads to the definition of the 
curvature as obstruction against intcgrability of the horizontal distribution [5] . 
In this context I provide a new result, stated hereafter in Theorem 4.1. This 
result builds a direct bridge between the expression of the curvature in terms 
of horizontal lifts, which is the one naturally steaming out of Frobenius in- 
volutivity condition, and the expression of the curvature in terms of covariant 
derivatives, more suitable for applications. The expression, which is well-known 



1. Introduction 



for linear connections on vector or principal bundles, is extended by the new 
result to general connections on fibre bundles. The proof is based on the novel 
definition of natural derivative vector fields, on an extension to a vector field in 
the tangent bundle and on a direct, powerful tensoriality argument. The anal- 
ysis moves along the same line of thought as for instance the one declared in 
[10], by trying to avoid unnecessary recourse to additional geometric structures. 
In this respect the assumptions and the result of our Theorem 4.1 should be 
compared with the ones in [4] Chapter III Theorem 5.1, in [1] Chapter V-bis 
Section A. 5, in [11] Chapter 2 Section 2.4, and in [13] Corollary 19.16 , dealing 
with the curvature of linear connections on vector bundles. 

2. Connection on a fibre bundle 

Let us recall some definitions and notations [15], [6], [14]. Given two diffcr- 
entiable manifolds M , N , the related tangent bundles with projections tm G 
C^TMjM), x N e C^TNjN) and a morphism ip G C^M^N), a vector 
field X G C 1 (¥'(M);TN) is y-related to a vector field v g C^MjTM) if 
X o tp = Tip o v where T is the tangent functor. For a diffeomorphism 
ip G C 1 (M;N) the push and pull operations are then defined by X = (pfv 
and v = <p|X . The usual notation is ip^ = <p^ and <p\. = tp* but then too 
many stars do appear in the geometrical sky (push, duality, Hodge star). A 
fibre bundle is a surjective submersion p 6 C 1 (E ; M) with E the total manifold 
and M the base manifold, i.e. im(p) = M and im(Tp(e)) = T p(e) M for all 
e G E. The vertical distribution is VE := ker(Tp) . A section s G C 1 (M;E) 
is such that p o s e C 1 (M;M) is the identity. The fibre at x G M is the set 
E x := p _1 (x) which is assumed to be isomorphic to a standard fibre mani- 
fold. The pull-back bundle of the tangent bundle Tj G C : (TE ; E) by a section 
seC^M;!) is the fibre bundle s|r E G C^slTEjM) whose fibre at x G M 
is the tangent space T S ( X )E of Te G C 1 (TE ;E) . 

Definition 1 (Connection). A connection Py G A 1 (E;TE) in a fibre bundle 
p G C 1 (E;M) is an idempotent vector-valued one-form, which is pointwise a 
projector on vertical subspaces: PyoPy = Pv with im(Py(e)) = ker(Tp(e)) . 
Horizontal vectors are the ones in the kernel ker(Py(e)) of the connection. The 
projector on the horizontal distribution HE is denoted by Pjj = id te — Pv > so 
that P H oP H = P H and P H o P v = P v o P H = . 

The tangent to a section s G C X (M ; E) of a fibre bundle p G C X (E ; M) along a 
vector field v G C°(M ; TM) is a section Ts ■ v G C : (M ; s|TE) of the pull-back 
bundle s|p = C^sJJTE ; M) . 

Definition 2 (Natural derivative). In a fibre bundle p G C 1 (E;M) ; the 

natural derivative of a section s G C 1 (M;E) according to a vector field v G 
C°(M ; TM) is the tangent vector field T v G C 1 (s(M) ; TE) m the tangent bundle 
t e G C X (TE;E) defined by 

T v os:=Ts-ve C^MjTE). 



For any x £ M we have that T v (s x ) = T Vx s G T Sx E. The natural derivative 
T v G C 1 (s(M) ; TE) is p-related to the vector field veC'fM; TM) , because: 

TpoT v = vop G C 1 (s(M);TM), 

poFl^ = Fl^ope C X (E;M). 

It is also apparent that the natural derivative is tensorial in v G C° (M ; TM) 
since the differential T Vjc s 6 T S ( X )E is linearly dependent on the vector v x G 
T X M . The next statement enunciates a well known property of naturality of 
the Lie bracket with respect to relatedness, (see e.g. [5] Lemma 3.10 or [14] 
Lemma 1.3.4). 

Lemma 2.1 (Morphism-related vector fields and Lie brackets). Let the 

vector fields X,Y G C^NjTN) be related to vector fields u,v e C^MjTM) 
by a morphism ip G C 1 (M;N) , viz: 

Xoip= Tip o u , Y o ip = Tip o v . 

Then also their Lie brackets are ip-related: 

[X, Y] o tp = Tip o [u, v] . 

Setting T v o tp := Tip o v for any morphism ip G C 1 (M;N) ; we have that 
Tip o [u, v] = Tr U]V i o ip and the result may be stated as [T u , T v ] = T|u,v] • 

Tensoriality is a crucial property of a multilinear scalar or vector valued map, 
meaning that it lives at points [16], i.e. that its point- values depend only on the 
values of the argument fields at that point. A standard tensoriality criterion for 
multilinear forms on M is provided by C°°(M; 5ft)-linearity (see [5] Lemma 7.3 
or [6] Lemma 2.3 of Ch. VIII). 

Although not needed in evaluating the Lie bracket [T u , T v ] on s(M) , for the 
developments illustrated in Theorem 4.1 it is essential to extend the domain of 
the natural derivatives T U ,T V G C 1 (s(M);TE) outside the range s(M) C E 
of the section s G C 1 (M;E) , so that they can be considered as (local) tangent 
vector fields T u , T v G C 1 (E ; TE) with the further property of being projectable. 
This task can be accomplished by the following construction. 

Lemma 2.2 (Extension by foliation). The natural derivative of a section 
s G C 1 (M;E) of a fibre bundle p G C 1 (E;M) 7 according to a vector field 
v G C°(M;TM) ; can be extended, in the bundle r E G C 1 (TE;E), to a (local) 
tangent vector field T v G C 1 (E;TE) which projects on the vector field v G 
C°(M;TM) , i.e. we have that, locally m E : 

T E oT v = idi, 

Tp o T v = v o p . 



Proof. The extension may be performed by considering a (local) foliation of 
the total manifold E , whose leaves are transversal to the fibres and include the 
folium s(M) . The existence of at least a local foliation with these characteristics 
can be inferred by acting with a local bundle chart, which maps (locally) the 
image of the section into the trivial bundle image of the chart, and, subsequently, 
with a local chart which maps (locally) the fibres in their linear model space. 
The foliation is then performed by translation in the linear image of the fibres 
and the resulting leaves are mapped back to get the leaves in the total manifold. 
It is thus possible to define the map cr £ C 1 (E ; C 1 (M ; E)) which to each e £ E 
associates the (local) section cr e £ C 1 (M;E) by 

er e (x) :=£ e nE x , VeGE, 

whose range is the leaf S e through e £ E . The extension of T v is then 
(locally) defined by T v (e) := T p ^(T e ■ v p ( e ) and gives a vector field since 
TE(T p ( e )<T e • Vp( e )) = e for all e £ E. Moreover this extension projects on 
v £ C°(M;TM) since 

Tp(e)P ' T v (e) = Tp( e )p ■ T p ( e) <T e • Vp( e ) = T p ( e) (p o <r e ) ■ v p(e ) = v p ( e ) . 

Being er e (p(e)) = e the extension T v (e) := T p ^cr e ■ v p ( e ) may be written 
as (T v o er e )(p(e)) = (Tcr e o v)(p(e)) which, by surjectivity of p , means that 
(locally) 

T v o <r e = Ter e o v , Vx £ M . 

If ei,e2 £ E are such that S e i = S e2 , then <x ei = <x e2 . If e £ s(M) , the 
section er e £ C 1 (M ; E) is in fact coincident with s £ C 1 (M ; E) . ■ 

Definition 3 (Horizontal lift). In a bundle p £ C 1 (E;M) the horizontal lift 
H £ C^E x M TM;TE) is a right inverse of (r E ,Tp) £ C^TEjE x M TM) 
such that the map H Sx <G C 1 (TM;TE). defined by H Sx (v x ) = H(s x ,v x ) for 
all v x £ T X M , is a linear homomorphism from the tangent bundle Tm £ 
C^TMjM) to the tangent bundle t e £ C^TEjE), i.e: 

(Te , Tp) o H = idjEx M TM j 

H Sx (au x + /3v x ) = aH Sx (u x )+/3H Sx (v x ) eT Sx E, 

with s x £ E x and u x , v x £ T X M and a,(3£3t. 

Lemma 2.3 (Horizontal lifts and horizontal projectors). Given a hori- 
zontal projector Ph £ C 1 (TE ; TE) , the induced horizontal lift is defined by 

H(s x ,v x ):=P H -T x s-v x eH Sjc B, Vs x £ E x , v x £ T X M , 

where s £ C 1 (M;E) is an arbitrary section extension of s x G E x . Vice versa, 
a horizontal lift H G C 1 (E Xm TM ; TE) induces a horizontal projector given by 
P H :=Ho(r E ,Tp). 



Proof. The former formula yields a horizontal lift since: 

((te , Tp) o H)(s x , v x ) = (te , Tp) • P H • T x s • v x = (s x , v x ) , 

and the latter formula yields a horizontal projector because the homomorphism 
Ph := H o (te , Tp) is idempotent by Ph ° Ph = H o (te , Tp) o H o (te , Tp) = 

H o idEx M TM ° (xe,Tp) = Ph and horizontal by the identity ((te,Tp) o 
Ph)(X) = ((r E , Tp) o H o (te , Tp))(X) = (t e (X) , Tp(X)) . ■ 

Definition 4 (Covariant derivative). The covariant derivative is the verti- 
cal component of the natural derivative: 

V v s := P v o T v o s G C 1 (M ; VE) . 

Setting Hs = P H o Ts and Vs = P v o Ts , it is Ts = Vs + Hs G C^TM : TE) 
and T v = V v + H v G C 1 (s(M) ; TE) with V v = P v o T v and H v = P H o T v . 

Lemma 2.4 (Projectability). The horizontal lift H v G C 1 (s(M) ;HE) is p- 

related to the vector field v G C^MjTM) : TpoH v = vop g C°(s(M) ;TM) . 

Proof. From the_decomposition T v = Vv + H v G C X (E;TE) it follows that: 
TpoT v = TpoV v + TpoH v = Tpo H v being, by definition Tp o V v = . 
The p-rclatedncss of H v to v is then inferred from that of T v . ■ 

Naturality of Lie brackets with respect to relatedness and Lemma 2.4 give: 
Tpo[H u ,H v ] = [TpoH u ,TpoH v ] = [u o p, v o p] = [u, v] o p G C 1 (E;TM). 



Lemma 2.5 (Injectivity). The horizontal lift Hs G C 1 (TM;HE) ; along a 
cross section s G C 1 (M;E) of a fibre bundle p G C 1 (E;M) ; is a fibrewise 
infective homomorphism, i.e. H x s G BL (T X M ; H S ( X )E) is an injective linear 
map at each x G M . 

Proof. We must prove that ker(H x s) = {0} . We first investigate the linear 
differential T x s G BL (T X M; T s( - X )E) . By the characteristic property of a sec- 
tion, pos = idjm it is: T s ( x )p-T x s-v x = T x (pos)-v x = v x for all v x G T X M. It 
follows that ker(T x s) = {0} and im(T x s)nker(T s ( x) p) = {0}. The injectivity 
of T x s implies that: dimim(T x s) = dimT x M. Being T x s = V x s + H x s with 
im(V x s) C ker(T s(x) p) , we have that T s(x) p-H x s-v x = T s(x) p-T x s-v x = v x for 
all v x G T X M. It follows that ker(H x s) = {0} and im(H x s) n ker(T s(x) p) = 
{0} with dim im(H x s) = dim T X M. ■ 

Theorem 2.1 (Homomorphism). The horizontal lift Hs G C^TM^E) 
along a section s G C 1 (M;E) of a fibre bundle p G C 1 (E;M) is a vector 
bundle homomorphism between the bundle tm G C 1 (TM;M) and the pull- 
back bundle sj/rg G C 1 (s4.HE;M) which is fibrewise invertible and tensorial 
in seC^MjE). 



Proof. Let dimM = dimT x M = m and dimF = / where F is the typ- 
ical fibre. Then dimE = dimT s ( x )E = m + /. So that dimV s ( x )E = / 
and dimH s( - x )E = to. By reasons of dimensions the injectivity of H x s G 
5L(T x M;H s(x) E) implies then its surjectivity. Moreover let s G C^MjE) 
be another section such that s(x) = s(x) . Then, for any v x G T X M , being 
T Vx s,T Vx s G T S ( X )E. we have that Tp o (T Vx s — T Vx s) = and hence that 
H Vx s = P H o T Vx s = P H o T Vx s = H Vx s G 5L(T x M;H s(x) E) . To a tangent 
vector v x G T X M there corresponds a horizontal vector H Vx s G H S ( X )E which 
depends only on the value of s G C 1 (M ; E) at x G M . ■ 



3. Curvature of a connection 

The vertical distribution of a fibre bundle p G C 1 (E;M) is integrable and 
the leaves of the induced foliation are the fibres of the bundle. By Frobenius 
theorem [5] , [6] , integrability of vertical distribution is inferred form the vanish- 
ing of the vector- valued cocurvature form: R C (X, Y) := — Ph°[PvX, PyY] = 
for any X, Y G TE . Here (PvX,PvY) G C^EjTE) is any pair of vector 
fields extension of the vectors PyX, PyY G TE , since tensoriality follows from 
the C°° (E ; 5R)-linearity of the cocurvature form. The involutivity condition: 
[PhX, PhY] G C 1 (E ; HE) , to be imposed for the integrability of the horizontal 
distribution, is cquivalently expressed by the vanishing of the curvature defined 

by [5]: 

R(X,Y):=-P v o[P h X,PhY], VX,YgTE. 

Again tensoriality follows from the C°° (E ; 5ft)-lincarity of the curvature form, 
as shown below. Let us denote by A fc (M ; TM) the space of tangent-valued 
fc-forms on a manifold M . 

Proposition 3.1 (Tensoriality of the curvature). The curvature of a con- 
nection Py G A 1 (E;TE) in a fibre bundle p G C 1 (E;M) is a vertical-vector 
valued, horizontal 2-form R G A 2 (E;VE) ; that is a 2-form vanishing on ver- 
tical vectors and taking values in the vertical distribution. 

Proof. A direct verification of the tensoriality, based on C°°(E; K)-linearity, 
yields the result: 

-R(X,/Y) :=P v o[P^X,PhY] 

= /P v o [PhX, P^Y] + (AW) (Pv ° Ph)(Y) 
= -/R(X,Y), V/GCHE;^), 
since P v o P H = . Similarly R(/X, Y) = / R(X, Y) . ■ 



Theorem 3.1. For any given section s G C 1 (M;E), the curvature of a con- 
nection P v G A 1 (E;VE) is expressed by a 2-form CURV S G A 2 (M ; sjVE) with 
values in the pull-back of the vertical distribution by the section s G C 1 (M;E) , 
defined in terms of horizontal lifts by: 

CURV s (u,v) :=R(H u ,H v )os = (H [u , v] -[H u ,H v ])os, Vu,v G A°(M;TM), 

The 2-form CURV S G A 2 (M;s|VE) is tensorial in s e C^MjE) . 

Proof. We rely on the properties of tensoriality and horizontality of the 
curvature two-form R G A 2 (E;VE) stated in Proposition 3.1 and on the 
tensorial isomorphism of the horizontal lifts stated in Theorem 2.1. Accord- 
ingly, the point value of the curvature R(X, Y) = — Py ° [Pr~X, PhY] at 
b G E x depends only on the vectors PnXb,PHYb G TbE. Moreover, by 
Theorem 2.1, given any section s G C 1 (M;E) such that s x = b , there ex- 
ists a uniquely determined pair of vectors u x ,v x G T X M, such that H Ux s = 
(PhX)(s x ) , H Vx s = (PhY)(s x ) and the pair u x , v x G T X M does not depend 
on the choice of the section s G C 1 (M;E) such that s x = b . Then the cur- 
vature two- form R G A 2 (E ; VE) , evaluated on pairs of horizontal lifts, defines 
the field CURV s (u, v) := -P v ° [H U ,H V ] os G C 1 (M; VE) for any pair of vector 
fields u,v G C°(M;TM) on the tangent bundle and any section seC'fM;!) 
of the fibre bundle p G C 1 (E ; M) . By tensoriality, for any section s G C 1 (M ; E) 
the field CURV S G A 2 (M ; VE) is a vector- valued two-form on M with values in 
s|VE and for any pair u, v G C°(M ; TM) the field CURv(u, v) eA'(M; s|VE) 
is a vertical- valued vector field along s G C 1 (M;E) . Moreover, by Lemma 2.4, 
the horizontal lifts are projectable and we have the relations: 

Tpo[H u ,H v ]=[u,v]opl 

_, „ r , ^Tpo([H u ,H v ]-H [u , v] ) = 0. 

rp«H [uv p [u,v] opj 

Then H[ u v ] is the horizontal component of [H U ,H V ] and we get the equality: 
[H u , H v ] — Hr UiV i =PyO [H u , H v ] <==^- Hr UiV i = Ph ° [H u , H v ] . ■ 



4. Covariant derivative 

Lemma 4.1 (Covariant derivative as Lie derivative). In a fibre bundle p G 
C 1 (E;M) with a connection, the covariant derivative may be defined as the gen- 
eralized Lie derivative: 

V v s = £ (Hv , v) s = d x=0 Flf v < v) |s = dx=0 Fl H l o s o FIX . 

Proof. By Leibniz rule £(h v ,v) s = Ts o v — H v s = T v s — H v s . Then, being 
^(H v ,v)S G C^M ; VE) and H v s G C X (M ; HE) , by uniqueness of the vertical- 
horizontal split, we get that V v s := Pv ° T v s = >C(h v ,v) s ■ B 



Definition 5 (Parallel transport). Let p G C 1 (E;M) be a fibre bundle with 
a connection. The parallel transport Fluffs G C 1 (M;E) of a section s G 
C X (M;E) along the/flow FIX G C^MjM) is de/med by: 

Fl^s := Flf« o s = (Flf v " v) ts) o FIX , 

so i/iai p o FIX ft s = p o Fl" v o s = FIX ° P ° s = F1 I • 

From the definition of parallel transport and Lemma 4.1 we infer that the co- 
variant derivative and the horizontal lift arc given by: 

V v s = d x=0 F1 H - o s o FIX = dx=o FF A fts o FIX , 

H v s = d x=Q Fl?" o s = d x=0 FlXft s . 

Since the horizontal lift H v is defined pointwise in M , the parallel transport 
along a curve in M of a section defined only on that curve is meaningful and 
so is for the covariant derivative. 

Definition 6 (Geodesic). A curve c G C 1 (/;M) in a manifold with a con- 
nection is a geodesic if the velocity field of the curve v G C ( J ; TM) fulfils the 
condition 

V t v := d T=t c t . r ft v r = , 

where V is the covariant derivative, the velocity is given by Vt := d T =t c r and 
Ct.rfT * s the parallel transport from c T to ct along the curve. 

Definition 7 (Spray). A section X G C 1 (TM ; TTM) of the tangent bundle 
Ttm G C 1 (TTM;TM) is called a spray if it is also a section of the bundle 
Tt G C x (TTM ; TM) , that is if TV o X = t tm oX = id TM . 

Lemma 4.2 (Geodesies and sprays). Let S G C 1 (TM;TTM) be a spray 
and v x G T X M a tangent vector. Then the base curve through x G M below 
the flow line of the spray through a vector v x G T X M is a geodesic curve for 
any connection compatible with the spray, i.e. such that H Vx (v x ) = S(v x ) . 

Proof. Let v M = Fl A (v x ) be the flow line of the spray through the vector 
v A = v x G T X M . The projected curve on the base manifold is then c M = 

(tm o Fl^ a )(v x ) , with c A = x G M . Its velocity field veC'f/; TM) is given 

by 

v M = d c=M c ? (x) = d i=fl (t m o Fl| A )(v x ) 

= Tt m • S(F£ A (v x )) = 7r TM (S(Fl^ A (v x ))) = Fl* A (v x ) , 

and S(v A ) = d ll= \ d^ =fl <% . Being H Vx (v x ) = S(v x ) , the formula for the time- 
covariant derivative yields: 

V A v= d, =x Fl^(v M ) = d, =x Fl«-(Fl^ A v A ) 

= d» =x (Pig; o Fl* A )(v A ) = S(v A ) - H VA (v A ) = . 

Hence the curve c G C 1 (7 ; M) is a geodesic. ■ 



A similar proof shows that the base curve through v x <G T X M below the 
tangent-flow line of a spray is the velocity field of a geodesic, in any connection 
compatible with the spray, and that the velocity field of the base points of the 
line is a Jacobi field [12]. 

The next original result is the main contribution of this paper. It provides, 
in the general context of fibre bundles, the expression of the curvature in terms 
of covariant derivatives. 

Theorem 4.1 (Curvature and covariant derivatives). For a given section 
s <G C 1 (M;E) of a fibre bundle p £ C 1 (E;M) and any pair of vector fields 
ujeC'fM; TM) , the following identity holds on s(M) C E : 

[V u , V v ] - V [u , v] + [H U ,H V ] - H [u , v] = [H v , V u ] + [V V ,H U ] =0. 

Accordingly , the vertical-valued curvature two-form CURV x (s)(u, v) £ V S ( X )E 
is given by 

curv(s)(u,v) = [Vu,Vv](s)-V [u , v ](s). 

Proof. By Lemma 2.1 we know that on s(M) C E it is [T U ,T V ] = T [u , v] . By 
performing an extension of the natural derivatives, e.g. by the foliation method 
envisaged in Lemma 2.2, the covariant derivatives of a section s £ C 1 (M;E) 
are consequently extended to (local) vector fields V u , V v £ C 1 (E ; VE) . Then, 
being 

T u = V u + H u , T v = V v + H v , ^[u,v] = V[ U]V ] + H[u,v] i 

by bilinearity of the Lie bracket we get 

[V u + H u , V v + H v ] = [V u , V v ] + [H u , H v ] + [Vu,H v ] + [H u , V v ] 



which, being [H U ,H V ] — H[ u . v ] = Pv ■ [H U ,H V ] , can be written as: 

[V u , V v ] - V [u>v] +Pv • [Hu,H v ] = [H v , V u ] + [Vv,H u ] . 

The tensoriality of the curvature Py • [H u , H v ] , as a function of the horizontal 
lifts H u and H v , has the following implication. Let the local vector fields 
7^,7^ £ C : (E;TE) be generated by dragging the vectors H Ux ,H Vx £ T Sx E 
along the flows of the extended covariant derivatives V u , V v £ C 1 (E ; TE) : 

J* ° Fl^ := TFlJ" o H Ux , 

J^ o FlJ u := TFlf" o H Vx . 

By tensoriality, in evaluating the r.h.s. of the previous equality at a point 
s(x) £ E, the horizontal lifts H U ,H V £ C 1 (E;TE) can be substituted by the 
vector fields J"*, F$ £ C X (E ; TE) . Then, by definition: 



R,v u ] x = o, [V v ,^]x = 0, 



so that 

[H v , V u ] x + [V V ,H U ] X = [^,V„] X + [V v , J-*] x = 0. 

The result holds for any extension of the natural derivatives and the formula for 
the curvature is independent of the extension, since, by tensoriality, it depends 
only on the values of the covariant derivatives at s(x) . I 



5. Connection on a vector bundle 

Let us resume the peculiar properties of linear connections on a vector bundle 
p G C 1 (E ; M) to infer the relevant special expression of the curvature form. 

Definition 8 (Linear connection). In a vector bundle p G C 1 (E;M) a con- 
nection is linear if the pair made of the horizontal lift H v G C 1 (E;HE) and 
of the vector field v G C 1 (M;TM) is a linear vector bundle homomorphism 
from the vector bundle p G C X (E;M) to the vector bundle Tp G C X (TE ; TM) . 
This means that, given two sections Si,S2 G C 1 (M;E) , the following property 
of p-Tp-linearity holds: 

( H Vx (si + p s 2 ) = H Vx si + Tp H Vx s 2 , 

( H Vx (a p s) = a -t p H Vx s , V a G 5ft . 

Being 

[ r v x (si + p s 2 ) = T Vx Si + Tp T Vx s 2 , 

|r Vx (a. p s) = tt Tp T Vx s, Va£», 

the p-Tp-linearity of the horizontal lift H Vjc is equivalent to p-Tp-linearity of 
the covariant derivative V Vjc : 

( V Vx (si + p s 2 ) = V Vx Si + Tp V Vx s 2 , 

(V Vj[ (aps) = QTpV Vx s, Va6S. 

The distinguishing feature with respect to a connection on a general fibre bun- 
dle is that, by the identification VE ~ E , the covariant derivative V v s G 
C^MjVE) of a section s G C^M;!) along a vector field v G C X (M;TM) 
may be considered as a section V v s G C 1 (M;E) of the vector bundle and the 
covariant derivative V v G C 1 (s(M) ;E) as an operator. The result stated below 
in proposition 5.1 makes appeal to this identification and is a basic property of 
the covariant derivative in a linear connection (see e.g. [3], [4]). 

Proposition 5.1 (Leibniz rule for the covariant derivative). In a vector 
bundle p G C 1 (E ; M) endowed with a linear connection, the covariant derivative 
V v G C 1 (s(M) ;E) fulfils Leibniz rule: 

V v (/s) = (V v /)s + /(V v s). 
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Proof. Let us recall from Lemma 4.1 the expression V v s = d\ = a FIX °soFl A . 
The linearity of the connection implies that the flow F1 A v is a one parameter 
family of automorphisms. Then 

V Vx (/s) = d x=a /(Fll(x)) ■ Fl H ];(s(FlI(x))) . 

To shorten the expressions we set f x := /(Fl A (x)) and s A := Fl H A (s(Fl A (x))) 
so that 

V Vx (/s) = d x =o 7 A • sa = lim A" 1 (/ A s A - / A s + / A s - / s ) 

A->0 

= lim A _1 (/ a (Ia - s )) + lim A _1 (7 A s - / s ) . 

A^O \—>0 

Hence, observing that 

lim A _1 (7 A (s A - s )) = 7o d\ =0 s x , = /(x) V Vx s(x) , 

A^O 

lim A" 1 (/ A s - 7 s ) = lim A" 1 (f x - J ) s = (V Vx /) s(x) , 

the result follows. ■ 

In a vector bundle p <E C 1 (E;M) the iterated and the second covariant 
derivatives according to a given connection are meaningful. Hence, for any 
section s G C 1 (M ; E) , the curvature form may be written as 



CURV S (U, v) = (V u o V v - V v o V u - V[ U]V ]) s 
= (^uv _ ^vu + V TO rs(u,v)) s 7 



in terms of the second covariant derivative V^ v := V u o V v — Vy uV and of 
the torsion tors(u,v) := V u v — V v u — V[ UiV ] which are both tensor fields. 
Tensoriality may be proved by relying on Leibniz rule to verify C°°(E;5R)- 
linearity. 

Remark 5.1. We underline that on a fibre bundle, in writing the formula: 
CURV s (u,v) = [V u ,V v ](s) — V[ uv ](s), provided by Theorem 4-1, the term 
[V u , V v ](s) cannot be written as (V u o V v — V v o V u ) s since, being V u , V v € 
C 1 (E; VE) ; the compositions V u o V v and V v o V u , are not defined, unless 
the bundle is a vector bundle and the identification VE ~ E can be made. 

6. Conclusions 

Connections on fibre bundles and their torsion and curvature forms are of 
primary importance in many basic issues of mathematical physics, as witnessed 
by a vast number of contributions in literature (see e.g. [11]). The topic has 
been revisited here with the aim of providing a direct proof to the relation 
between the integrability condition provided by Frobenius theorem and the 
expression of the curvature field in terms of covariant derivatives. This result, 
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in the general form provided here, appears to be new, since classical treatments 
consider the special case of linear connections on vector bundles. Our proof is 
based on the notion of natural derivative of a section, on a suitable extension, by 
foliation, to a vector field in the tangent bundle, and on a simple but powerful 
tcnsoriality argument. 
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